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ABSTRACT

Exponentiallyweightedrecursve least-square@RLS) algo-
rithms are commonly usedfor fast adaptation. In mary
caseghe input signalsare continuous-time.Either a fully
analogimplementatiorof the RLS algorithmis appliedor
the input dataare sampledby analog-to-digital(AD) con-
vertersto be processedigitally. Althougha digital realiza-
tion is usually the preferredchoice,it becomeaunfeasible
for high-frequeng input signalssincefast AD corverters
areneededThis papemroposes hybrid analog/digitakap-
proachessentiallyallowing the AD corversionrateto beas
low asthe update-rateof the RLS algorithm. This is ba-
sically accomplishedby samplingexponentiallyweighted
correlationproductsinsteadof the input signals. Further
more,we proposea mixed-signafilter exactly realizingthe
exponentialweightingaccordingto the costfunction. Ap-
plying this approachto aninterferencecancellingproblem
demonstratefts performanceand attractvenessregarding
implementation.

1. INTRODUCTION

Adaptive algorithmsare predominantlydiscussedn their
discrete-timeversiondn literature,see[1] andits extensive
list of references.However, thereare caseswvherethe ob-
senabledataarecontinuous-timeandfurthermoreof high-
frequeng. Recursie least-square$éRLS) lattice and fast
trans\ersaffiltersfor continuous-timeignalprocessindghave
alreadybeenproposedin [2] and[3], respectiely. Hy-
brid analog/digitalsignal processings known to have the
potentialof combiningthe bestof both analogand digital
worlds [4]. Analog hardware can handlehigh-frequeng
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Figure 1: Continuous-timemultiple-input adaptve linear
combiner The weights are updatedby a hybrid ana-
log/digital RLS algorithm.

signalsmoreefficiently but is limited, mostly, to simpleand
preferablylinear operations.Digital signal processingcan
easilydealwith nonlinearoperationsut is limited to com-
paratively low operatingrates.

In this paperwe focuson splitting the RLS algorithm,
appliedto the multiple-inputadaptye linear combinerop-
eratingon continuous-timeinput data (Figure 1), into an
analogand a digital part. In Section2 the derivation of
the RLS algorithmis modifiedaccordingly An input signal
weighting-filterthatis optimumin the senseof minimizing
the error functionis derived. Section3 proposes mixed-
signalrealizationof thefilter. In Sectiond4, we demonstrate
the feasibility of our approachapplyingit to an interfer
encecancellatiorproblem.Finally, Section5 concludeghe
work.

2. RLSADAPTATION OF THE
CONTINUOUSTIME LINEAR COMBINER

Figure 1 shows the continuous-timemultiple-input linear
combiner[5] adaptedby an RLS algorithm. Unlike previ-
ouswork, whereboth signalpathandweight updatingwas
consideredo beeitherdiscrete-timer continuous-timewe
intendto performthe weightupdatedigitally while the sig-
nal pathis processedn analogdomain. Thusthe weights
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Figure2: Hybrid analog/digitaRLS algorithm. The correlationproductsaresampledafter exponentialweighting.

w(t) arepiecavise-constanfunctions. Deriving the RLS
algorithmfor continuous-timénputdata,we will follow [1]
usingthenotationintroducedn Figurel.

We baseour analysison a multiple linear regression
modelfor the desiredsignal,thatis,

d(t) = wg/(t) u(t) + eo(t), 1)

wherew, (t) is theoptimumweightvector, e, (t) isthemea-
surementrror, and (-)! denotesthe Hermitiantranspose.
Underthe assumptiorthatthe expectationof the unobserv-
ablemeasuremergrror E[e,(t)] = 0, we choosethelinear
adaptie combinemwith its outputsignaly(t) = w(t) u(t)
asthe modelof interest. The estimationerror e(t) is given
by

e(t)

d(t) —y(t)
d(t) — w(t) u(t)
= d(t) — w'n]u(t),
We definethe costfunction
nT
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(n—1)T <t<nT.

1
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T

£ln] le(t)[” dt, 3)

where) is aforgettingfactorweightingrecentdatahigher
than older data,and ¢ is a scalarconstant. Note that the
coeficientsareheldconstantiuringtheobsenationinterval
0<t<nT. Minimizing thecostfunctionwe arrive at

w[n] = ® '[n] z[n).

(4)

Thevectorz[n] containghetime-averagecatross-correlation
functionsbetweerthe input dataandthe desiredresponse,
thatis,

nT—t

T d¥(t) ug (£) dt.

(5)

The elementf the time-averagedcorrelationmatrix ®[n]
aregivenby

nT
1
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Now we wantto find a recursve expressiorfor z[n]. This
canbeaccomplishedby splitting theintegral in (5), thatis,
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t=(n—1)T

We may aswell expressthe entirecorrelationmatrix recur
sively:

nT
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In orderto find arecursve updaterule for theinverseof the
correlationmatrix, we introducea modified versionof the
matrix inversionlemma:
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Figure3: Synthesi®f the optimumweightingfilter.

The M-by-M matricesA and B are positve-definite,C is
a Hermitianmatrix of size M -by-M, 1 is the all-1-vector
of length M, and o denotesthe element-wisemultiplica-
tion of two matriceScur produc). Thustherecursiorfor
P[n] = & '[n] resultsin

nT
Pln] :%’P[n—l]—§7€[n] % / NI () () dt| Pln—1]
L t=(n—1)T 3
Cln
(10)
with
K[n] 3Pl =1 (11)

:1+§1T(’PT[n—l]0C[n])1'

Substituting(7) and(10) in (4) yields, after a few manipu-
lations,therecursve updaterule for the weights:

nT
nT—t

i[n] = wln—1] + K[n] % / oA u()e) di} (12)

t=(n—-1)T

/
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d[n]
Thea priori estimationerror{(t) is givenby

£@t) = d(t) — @ [n]u(t), nT <t<@n+1)T. (13)

The recursve update-ruleg10), (11), and (12) constitute
the hybrid analog/digitalRLS algorithm. The integralsin

C[n] andd[n] correspondo thecorvolutionof oAT with

uk(t)u)(t) andug(t)E¥(t), respectrely, followed by sam-
pling attimeinstants =nT'. Thusapplyingafilter with the
impulseresponse

ma)={ 7 14)

to the signalsu(t)ut(t) andu(t)¢*(t) andsamplingthere-
sultsevery T' secondsasdepictedin Figure?2, is optimum
in the senseof minimizing £[n]. Notethatit is suficientto
processhe productsuy (t)u; (t) for I > k sincethe matrix
C[n] is Hermitian.
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Figure4: Mix ed-signalrealizationof the optimumweight-
ing filter: first-orderanaloglowpassfilter, AD corverter
with samplingrate1/T, anddigital highpasdilter.

3. MIXED-SIGNAL REALIZATION OF THE
OPTIMUM WEIGHTING-FILTER

The above derivation of the mixed-signalRLS algorithm
doesnotintroduceary constraintsoncerninghescalarco-
efficiento, excepto > 0. Thuse may be chosenarbitrar
ily. However, regardingtheimplementationit is reasonable
to ensureproperscalingof thefilter outputsignal. Setting
11‘91) , (0<A<1), assuresgainof 1 for low frequen-
cies.

The exponentialnatureof (14) motivatesthe useof a
continuous-timdirst-orderlowpasdilter whoseimpulsere-
sponsas givenby

e T, (15)

Q=

hep(t) =

wherer is thefilter's time constant. Comparing(14) and
(15)yieldsT = —%, (0 < X < 1). Thedesiredmpulse

responseés realizedfor ¢t <T by scalinghzp(t):

hi(t) = k hep(t), K = Kokq = a%. (16)
The scalingconstantmay be split into an analoggain «,
andadigital gaink4. To eliminatethetail of h; (¢) for t>T
we combineit additively with a secondimpulseresponse
ha(t) = =X hi(t — T) to yield the synthesizedesponse
hs(t) = hi(t) + ha(t), whichis illustratedin Figure3. Let
r(t) bethe lowpassfilter input signal. The corresponding
filter outputs(t) is givenby

5(t) = r(t) * hs(t)

= /T(T) h1(t—7’) dr — )\ 7‘(7’) hl(t—T—T) dr
:_:(t) - ASl(t—T),T__Oo (17)

where* denoteghe corvolution operator Sincethe algo-
rithm neednly thevaluesof s(¢) attimeinstances =nT,
we samples(t), thatis,

s(nT) = s[n] = s1[n] — A sy [n—1]. (18)

Thisresultyieldsthemixed-signalealizationof (14) showvn
in Figure4.
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Figure5: Application of the splitting approacho narrow-
bandinterferencecancellation(real valued,orthogonalin-
putsignals;M=2).

4. APPLICATION TO INTERFERENCE
CANCELLATION

Theeliminationof a single-frequeng disturbances a com-
monproblemin communicationsln caseareferencesignal,
somehwv correlatedto the disturbancejs available, can-
cellationis an efficient way to combatthe interference6].

Thereferencesignal,whichis essentiallya time-shiftedand
scaledversionof the disturbanceis split into two orthogo-
nal componentshat constitutethe input data,as shown in

Figureb. Accordingly, AM=2 for oursingle-frequengcase.
Furthermore all signalsare real valued. However, since
the two elementsof the input vector are mutually orthog-
onal, we may introducetwo assumptions.First, the time-
averagedcross-productsf u, (t) andusy(t) arezero,soall

off-diagonalelementsof C[n] vanish. Secondlyu, (t) and
us(t) have the sametime-averagedbower, thusall maindi-

agonalelementsf C[n] areequal. Hence,we just have to

proces®nemain-diagonaklemenbf C[n].

Theinterferencecancellershovn in Figure5 is applied
in wireline communicationg7] where narrovbandinter-
ferenceof several MHz, causedby radio amateursmay
severelydisturbdatatransmissionThechoiceof theupdate-
rate1/T dependsmnainly on the trackingrequirementsn-
troducedby the application. For reference-baseihterfer
encecancellationthe changesof correlationbetweendis-
turberandreferencehave to be tracked. In comparisorto
thehigh-frequeng disturbancethecorrelatiorbetweerdis-
turberandreferencevariesvery slowly. Thus1/T canbe
chosento be ordersof magnitudebelow the frequeng of
the disturber Prototypemeasurementshav a steadystate
interferencesuppressionf ~ 40 dB (Figure6).

Our approactrequiresthree AD corvertersfor this ap-
plication. Note thatdirect AD conversionof the input sig-
nalswould alsoneedthreeAD corverters.Dueto splitting
thealgorithmthe samplingratemaybeaslow as1/T.
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iterations)of a12 MHz sinusoid,1/T = 10 kHz.

5. CONCLUSIONS

In this paperwe split the RLS algorithm, appliedto adapt
the continuous-timenultiple-inputlinearcombinerinto an

analogand a digital part. Thereare two major contritu-

tions: First, we demonstratehe feasibility of the hybrid

analog/digitalapproacHor high-frequeng input data. The

samplingrateof the corverterss reducedo thealgorithm’s

update-ratevhich may be ordersof magnitudebelow the

signal’s frequeng. Secondly we proposea mixed-signal
realizationof theweighting-filterobtainedby incorporating
the time-continuityof the input signalsin the derivation of

the RLS algorithm. We shaw the eleganceof this approach
applyingit to narravbandinterferencecancellation.
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