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ABSTRACT

Exponentiallyweightedrecursiveleast-squares(RLS)algo-
rithms are commonly usedfor fast adaptation. In many
casesthe input signalsarecontinuous-time.Either a fully
analogimplementationof the RLS algorithmis appliedor
the input dataaresampledby analog-to-digital(AD) con-
vertersto beprocesseddigitally. Althougha digital realiza-
tion is usually the preferredchoice,it becomesunfeasible
for high-frequency input signalssincefast AD converters
areneeded.This paperproposesa hybridanalog/digitalap-
proachessentiallyallowing theAD conversionrateto beas
low as the update-rateof the RLS algorithm. This is ba-
sically accomplishedby samplingexponentiallyweighted
correlationproductsinsteadof the input signals. Further-
more,weproposeamixed-signalfilter exactly realizingthe
exponentialweightingaccordingto the costfunction. Ap-
plying this approachto an interferencecancellingproblem
demonstratesits performanceandattractivenessregarding
implementation.

1. INTRODUCTION

Adaptive algorithmsare predominantlydiscussedin their
discrete-timeversionsin literature,see[1] andits extensive
list of references.However, therearecaseswherethe ob-
servabledataarecontinuous-timeandfurthermoreof high-
frequency. Recursive least-squares(RLS) lattice and fast
transversalfiltersfor continuous-timesignalprocessinghave
alreadybeenproposedin [2] and [3], respectively. Hy-
brid analog/digitalsignalprocessingis known to have the
potentialof combiningthe bestof both analoganddigital
worlds [4]. Analog hardware can handlehigh-frequency�
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Figure 1: Continuous-timemultiple-input adaptive linear
combiner. The weights are updatedby a hybrid ana-
log/digital RLSalgorithm.

signalsmoreefficiently but is limited, mostly, to simpleand
preferablylinear operations.Digital signalprocessingcan
easilydealwith nonlinearoperationsbut is limited to com-
paratively low operatingrates.

In this paperwe focuson splitting the RLS algorithm,
appliedto the multiple-inputadaptive linear combinerop-
eratingon continuous-timeinput data(Figure 1), into an
analogand a digital part. In Section2 the derivation of
theRLSalgorithmis modifiedaccordingly. An inputsignal
weighting-filterthat is optimumin thesenseof minimizing
the error function is derived. Section3 proposesa mixed-
signalrealizationof thefilter. In Section4, we demonstrate
the feasibility of our approachapplying it to an interfer-
encecancellationproblem.Finally, Section5 concludesthe
work.

2. RLS ADAPTATION OF THE
CONTINUOUS-TIME LINEAR COMBINER

Figure 1 shows the continuous-timemultiple-input linear
combiner[5] adaptedby an RLS algorithm. Unlike previ-
ouswork, wherebothsignalpathandweightupdatingwas
consideredto beeitherdiscrete-timeor continuous-time,we
intendto performtheweightupdatedigitally while thesig-
nal pathis processedin analogdomain. Thusthe weights
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Figure2: Hybrid analog/digitalRLSalgorithm.Thecorrelationproductsaresampledafterexponentialweighting.lnm�oTp arepiecewise-constantfunctions. Deriving the RLS
algorithmfor continuous-timeinputdata,wewill follow [1]
usingthenotationintroducedin Figure1.

We baseour analysison a multiple linear regression
modelfor thedesiredsignal,thatis,q m3oTp\rslutvwm�oTpwx[m�oTp/y{z v m�oTp(| (1)

wherel v m3oTp is theoptimumweightvector, z v m�oTp is themea-
surementerror, and m^}ap t denotesthe Hermitian transpose.
Undertheassumptionthattheexpectationof theunobserv-
ablemeasurementerror ~u� z v m3oTpO�cr�� , we choosethelinear
adaptivecombinerwith its outputsignal � m3oTpSr�l t m3oTpwx�m3oTp
asthemodelof interest.Theestimationerror z�m3oTp is given
by zwm�oTp'r q m�oTp�� � m�oTp (2)r q m�oTp���l t m�oTpwx[m�oTpr q m�oTp���l t � � �Qx�m3oTpj| m � ����p����{o�� � ���
We definethecostfunction� � � ��r �� ?)�����C���C���Q�j�; �¢¡ zwm3oTp ¡ $C£ oj| (3)

where � is a forgettingfactorweightingrecentdatahigher
thanolder data,and � is a scalarconstant. Note that the
coefficientsareheldconstantduringtheobservationinterval�¤�¥ow� � � . Minimizing thecostfunctionwe arriveat¦l � � ��r�§©¨�ª � � �'« � � �O� (4)

Thevector« [n] containsthetime-averagedcross-correlation
functionsbetweenthe input dataandthe desiredresponse,
thatis, ¬� � � �#r �� ?)���������C� ���*�; � q¯® m�oTpw°  m3oTp £ oj� (5)

Theelementsof thetime-averagedcorrelationmatrix § � � �
aregivenby±  ² ³ � � �#r �� ?)������� �C� �Q�j�; � °  m�oTpw° ®³ m�oTp £ oj� (6)

Now we want to find a recursive expressionfor « � � � . This
canbeaccomplishedby splitting theintegral in (5), thatis,« � � �´r � �� ��? ¨Cª �3���������C� �Q�j�; ��E�� q¯® m�oTpwx[m�oTp £ o

y �� ?)��������? ¨Cª �3��C� �Q�j�; � qw® m3oTpwx�m3oTp £ o
r � « � � ���A�;y �� ?)�������1? ¨�ª ����C�S���*�; � q ® m�oTpwx[m�oTp £ oj� (7)

We mayaswell expresstheentirecorrelationmatrix recur-
sively:§ � � �µ ¶j· ¸¹ r � § � � ���A�µ ¶(· ¸º � "

y �� ?)��������? ¨Cª ����C� ���*�; � x�m�oTpwx t m3oTp £ oµ ¶j· ¸» � (8)

In orderto find arecursiveupdaterule for theinverseof the
correlationmatrix, we introducea modifiedversionof the
matrix inversionlemma:¹ r º ¨�ª y »¹ ¨�ª¼r º � ���ys½X¾À¿ º ¾�Á »ÃÂ ½ ºn»�º � (9)
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Figure3: Synthesisof theoptimumweightingfilter.

The Ä -by- Ä matrices
¹

and
º

arepositive-definite,
»

is
a Hermitianmatrix of size Ä -by- Ä , ½ is the all-1-vector
of length Ä , and Á denotesthe element-wisemultiplica-
tion of two matrices(Schur product). ThustherecursionforÅ � � �#r�§ ¨�ª � � � resultsinÅ � � �(r �� Å � � ���(�O� ��SÆ � � �*ÇÈÉ ��

?)�������1? ¨�ª ����A�Ê���*�; � x�m�oTp�x t m�oTp £ o Ë�ÌÍµ ¶j· ¸» = ?'@
Å � � ���(�

(10)
with

Æ � � �jr ªÎ Å � � �Ï�A���y ªÎ ½�¾M¿ Å ¾ � � �Ð�(� Á » � � � Â ½ � (11)

Substituting(7) and(10) in (4) yields,aftera few manipu-
lations,therecursiveupdaterule for theweights:¦l � � ��r ¦l � � ���(�Ey Æ � � �ÊÑÒÓ ��

?)��������? ¨�ª ����C���Q�j�; � x�m3oTp�Ô ® m�oTp £ o ÕAÖ×µ ¶(· ¸Ø = ?'@
� (12)

Thea priori estimationerror ÔÊm�oTp is givenbyÔÊm�oTp\r q m3oTp��ÚÙl t � � ��x�m�oTp(| � ���Ðo���m � yÛ�'p��Ü� (13)

The recursive update-rules(10), (11), and (12) constitute
the hybrid analog/digitalRLS algorithm. The integrals in» � � � and

Ø � � � correspondto theconvolutionof ª� �C�  � with°  m3oTp�° ® ³ m3oTp and °  m�oTp^Ô ® m�oTp , respectively, followed by sam-
pling at time instantso)r � � . Thusapplyingafilter with the
impulseresponseÝ Î�Þ m3oTpSr´ß ª� �C�  � �¥�Ïo��Ð�� else

(14)

to thesignalsx�m�oTp�x t m3oTp and x�m3oTp�Ô ® m3oTp andsamplingthere-
sultsevery � seconds,asdepictedin Figure2, is optimum
in thesenseof minimizing

� � � � . Notethat it is sufficient to
processtheproducts°  m3oTp�° ®³ m3oTp for à>áãâ sincethematrix» � � � is Hermitian.
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Figure4: Mixed-signalrealizationof theoptimumweight-
ing filter: first-orderanaloglowpassfilter, AD converter
with samplingrate �'î�� , anddigital highpassfilter.

3. MIXED-SIGNAL REALIZATION OF THE
OPTIMUM WEIGHTING-FILTER

The above derivation of the mixed-signalRLS algorithm
doesnot introduceany constraintsconcerningthescalarco-
efficient � , except � á � . Thus � maybechosenarbitrar-
ily. However, regardingtheimplementation,it is reasonable
to ensureproperscalingof the filter outputsignal. Setting� r ³ ?w� Î �Î ¨�ª |Smï�¤� � �ð��p(| assuresagainof 1 for low frequen-
cies.

The exponentialnatureof (14) motivatesthe useof a
continuous-timefirst-orderlowpassfilter whoseimpulsere-
sponseis givenby Ý(ñjò m�oTp\r �ó z ¨  ô | (15)

where ó is the filter’s time constant.Comparing(14) and
(15) yields ó rõ� �³ ?w� Î � |öm3��� � �÷��p . Thedesiredimpulse
responseis realizedfor ow�Ã� by scaling

Ý ñjò m�oTp :Ý ª m�oTpSrùø Ý ñjò m3oTpj| øurùø Þ ø + r � ó� � (16)

The scalingconstantmay be split into an analoggain ø Þ
andadigital gain ø + . To eliminatethetail of

Ý ª m3oTp for owú¥�
we combineit additively with a secondimpulseresponse

Ý%û m�oTpürý� �
Ý ª m3o>�s��p to yield the synthesizedresponse

Ýÿþ m�oTpSr Ý ª m3oTp/y Ýfû m�oTp , which is illustratedin Figure3. Let
� m�oTp be the lowpassfilter input signal. The corresponding
filter output � m�oTp is givenby

� m3oTpSr � m�oTp�� Ý þ m3oTpr ��
� � ¨ � � m ó p

Ý ª m�o�� ó p q ó � � ��� � ¨ � � m ó p
Ý ª m3o����Ã� ó p q ór � ª m�oTp�� � � ª m�o�����p(| (17)

where* denotesthe convolution operator. Sincethe algo-
rithm needsonly thevaluesof � m�oTp at timeinstanceso;r � � ,
we sample� m�oTp , thatis,

� m � �[p\r ��� � ��r � ª � � �%� � � ª � � ���A�]� (18)

Thisresultyieldsthemixed-signalrealizationof (14)shown
in Figure4.







 


 �� 



� 

�� �

 









 



�
��

canceller
outputinput

primary

input
reference

RLS
of

part
digital

alg.

LPF

LPF

LPF AD

AD

AD

DAs

 
 



� " �� $ ��)" ������'$j�����+ ����� � �����

ª�� �

, �����
�������

phase
splitter

� �
	

Figure5: Application of the splitting approachto narrow-
bandinterferencecancellation(real valued,orthogonalin-
put signals;Ä r�� ).

4. APPLICATION TO INTERFERENCE
CANCELLATION

Theeliminationof asingle-frequency disturbanceis acom-
monproblemin communications.In caseareferencesignal,
somehow correlatedto the disturbance,is available, can-
cellationis anefficient way to combatthe interference[6].
Thereferencesignal,whichis essentiallya time-shiftedand
scaledversionof thedisturbance,is split into two orthogo-
nal componentsthat constitutethe input data,asshown in
Figure5. Accordingly, Ä r�� for oursingle-frequency case.
Furthermore,all signalsare real valued. However, since
the two elementsof the input vectoraremutually orthog-
onal, we may introducetwo assumptions.First, the time-
averagedcross-productsof ° ª m�oTp and ° û m3oTp arezero,soall
off-diagonalelementsof

» � � � vanish. Secondly, ° ª m3oTp and° û m�oTp have thesametime-averagedpower, thusall maindi-
agonalelementsof

» � � � areequal. Hence,we just have to
processonemain-diagonalelementof

» � � � .
Theinterferencecancellershown in Figure5 is applied

in wireline communications[7] where narrowband inter-
ferenceof several MHz, causedby radio amateurs,may
severelydisturbdatatransmission.Thechoiceof theupdate-
rate ��î'� dependsmainly on the trackingrequirementsin-
troducedby the application. For reference-basedinterfer-
encecancellationthe changesof correlationbetweendis-
turberandreferencehave to be tracked. In comparisonto
thehigh-frequencydisturbance,thecorrelationbetweendis-
turberandreferencevariesvery slowly. Thus �'î�� canbe
chosento be ordersof magnitudebelow the frequency of
thedisturber. Prototypemeasurementsshow a steadystate
interferencesuppressionof �� � dB (Figure6).

Our approachrequiresthreeAD convertersfor this ap-
plication. Note thatdirectAD conversionof the input sig-
nalswould alsoneedthreeAD converters.Dueto splitting
thealgorithmthesamplingratemaybeaslow as �'î'� .

Figure 6: Measuredsteadystatesuppression(after  �Q�
iterations)of a ��� MHz sinusoid,�'î'�sr ��� â�� ¬ .

5. CONCLUSIONS

In this paperwe split the RLS algorithm,appliedto adapt
thecontinuous-timemultiple-inputlinearcombiner, into an
analogand a digital part. Thereare two major contribu-
tions: First, we demonstratethe feasibility of the hybrid
analog/digitalapproachfor high-frequency input data.The
samplingrateof theconvertersis reducedto thealgorithm’s
update-ratewhich may be ordersof magnitudebelow the
signal’s frequency. Secondly, we proposea mixed-signal
realizationof theweighting-filterobtainedby incorporating
the time-continuityof the input signalsin thederivationof
theRLS algorithm.We show theeleganceof this approach
applyingit to narrowbandinterferencecancellation.
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